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The Current State of the Art

10X




The Problems

Embodiment Gap Interaction Mechanics Gap



“Textbook” Analysis of Contact

(a)

Friction cone




MudJoCo
Advanced physics simulation

Q Google DeepMind
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seful Applications!
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[Hu et. al, 2024]

[Hang et. al, 2017]
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[Ye & Liu, 2012]
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[Cheng et. al, 2021]

[Li et. al, 2007]
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[Kamakura et. al, 1980] 10 [Brahmbhatt et. al, 2019]
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What Can’t We Just Treat Areas as a Bunch of
Points?

g ‘E' “ / Single Point Analysis Techniques

Point-Wise Planning

xTransform as a Single Entity

15



Complexities of Surfaces

No Global Coordinate System Large Path Discontinuities



What Do We Want to Do?

Transform Extract Control
Correspondences



What Operations Should We Support?

Relocation Bending Grouping
(Translation) (“Isometric” Deformation) (Compositioy

Reorientation Warping

(Rotation) (Non-Isometric Deformation)
18

Correspondance (Transfer)



Geometry
Processing

Contact Area
Modeling

Interaction
Mechanics




Boundary Single-Point-Embedded Axis-Embedded (AE)
Model (SPE) Model Model




Boundary Model

Root
B Boundary

oL 70N




Contact Tracing: A Low Cost
Reconstruction Framework for Surface
Contact Interpolation [IROS 2021]

S 2
BLACK-PINK
at 77°'F/25°C



Limitations

nding
Defo

Relocation
(Translation) (“Iso

eorientwe Warping

(Rotation) (Non-Isometric Deformation)
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Cor ondance (Transfer)



Single Point Embedding Model

[Schmidt et. al, 2006]

24



25






Application: Rapid Prototyping

Towards Very Low-Cost Iterative Prototyping for Fully Printable Dexterous
Soft Robotic Hands [Robosoft 2022]

hand description contact transfer task In Collaboration With:

optimization description
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Limitations

c; =argmin |[logx(y) — logx(c:) I[;
Y

s.t. loge(r) = f(x;x)

Time Complexity: O(CN)

N: Total Number of Elements
C: Total Number of Contacts

Performance Problems - Robustness Problems



Axis-Embedded Model

{ao,....,am} € A(xis)
expPq(p) = Tq(rp,0p)
E | aj+1 = dj + (d,$))
Xponential map

coordinates of p d;:= distance
in tangent basis of q ¢; = turning angle




The Vector Heat Method

AE Model Parameterization

NICHOLAS SHARP, YOUSUF SOLIMAN, and KEENAN CRANE, Carnegie Mellon University

This paper describes a method for efficiently computing parallel transport
of tangent vectors on curved surfaces, or more generally, any vector-valued
data on a curved manifold. More precisely, it extends a vector field defined
over any region to the rest of the domain via parallel transport along shortest
geodesics. This basic operation enables fast, robust algorithms for extrapolat-
ing level set velocities, inverting the exponential map, computing geometric
medians and Karcher/Fréchet means of arbitrary distributions, constructing
centroidal Voronoi diagrams, and finding consistently ordered landmarks.
Rather than evaluate parallel transport by explicitly tracing geodesics, we
show that it can be computed via a short-time heat flow involving the con-
nection Laplacian. As a result, transport can be achieved by solving three
prefactored linear systems, each akin to a standard Poisson problem. To
implement the method we need only a discrete connection Laplacian, which
we describe for a variety of geometric data structures (point clouds, polygon
meshes, etc.). We also study the numerical behavior of our method, showing
empirically that it converges under refinement, and augment the construc-
tion of intrinsic Delaunay triangulations (iDT) so that they can be used in
the context of tangent vector field processing.

CCS: « Mathematics of computing — Discretization; Partial differen-
tial equations; - Computing methodologies — Shape analysis;

Additional Key Words and Phrases: discrete differential geometry, parallel
transport, velocity extrapolation, logarithmic map, exponential map, Karcher
mean, geometric median

ACM Reference Format:

Nicholas Sharp, Yousuf Soliman, and Keenan Crane. 2019. The Vector Heat
Method. ACM Trans. Graph. 38, 3, Article 00 (June 2019), 19 pages. https:
//doi.org/00.0000/0000000.0000000

1 INTRODUCTION

Given a vector at a point of a curved domain, how do we find the
most parallel vector at all other points (as shown in Fig. 1)? This
“most parallel” vector field—not typically considered in numerical
algorithms—provides a surprisingly valuable starting point for a
wide variety of tasks across geometric and scientific computing,
from extrapolating level set velocity to computing centers of distri-
butions. To compute this field, one idea is to transport the vector
along explicit paths from the source x to all other points y, but even
just constructing these paths is already quite expensive (Sec. 2). We
instead leverage a little-used relationship between parallel trans-
port and the vector heat equation, which describes the diffusion of a
given vector field over a time t. As t goes to zero, the diffused field
is related to the original one via parallel transport along minimal
geodesics, i.e., shortest paths along the curved domain (Sec. 3.4).

Authors’ address: Nicholas Sharp; Yousuf Soliman; Keenan Crane, Carnegie Mellon
University, 5000 Forbes Ave, Pittsburgh, PA, 15213.

Permission to make digital or hard copies of part or all of this work for personal or
classroom use is granted without fee provided that copies are not made or distributed
for profit or commercial advantage and that copies bear this notice and the full citation
on the first page. Copyrights for third-party components of this work must be honored.
For all other uses, contact the owner/author(s).

© 2019 Copyright held by the owner/author(s).

0730-0301/2019/6-ART00

https://doi.org/00.0000/0000000.0000000

Fig. 1. Given a vector at a point, the vector heat method computes the most
parallel vector at every other point. The method easily generalizes to other
data (such as a velocity field along a curve), providing a novel and efficient
way to implement fundamental algorithms across geometry and simulation.

The same principle applies not only to point sources, but also
to vector fields over curves or other subsets of the domain. Since
diffusion equations are expressed in terms of standard Laplace-like
operators, we effectively reduce parallel transport tasks to sparse lin-
ear systems that are extremely well-studied in scientific computing—
and can hence immediately benefit from mature, high-performance
solvers. Moreover, since discrete Laplacians are available for a wide
variety of shape representations (polygon meshes, point clouds, etc.),
and generalize to many kinds of vector data (symmetric direction
fields, differential forms, etc.), we can apply this same strategy to
numerous applications. In particular, this paper introduces

e a fast method for computing parallel transport from a given
source set (Sec. 4)

e an augmented intrinsic Delaunay algorithm for vector field
processing (Sec. 5.4)

e the first method for computing a logarithmic map over the
entire surface, rather than in a local patch (Sec. 8.2), and

o the first method for computing true Karcher/Fréchet means
and geometric medians on general surfaces (Sec. 8.3).

We also describe how to discretize the connection Laplacian on
several different geometric data structures and types of vector data
(Sec. 6), and consider a variety of other applications including
distance-preserving velocity extrapolation for level set methods,
computing geodesic centroidal Voronoi tessellations (GCVT), and
finding consistently ordered intrinsic landmarks (Sec. 8).

ACM Trans. Graph., Vol. 38, No. 3, Article 00. Publication date: June 2019.

[Sharp & Crane, 2019]



More Detalls

Exception




Supported Operations

Relocation Bending Grouping
(Translation) (“Isometric” Deformation) (Compositioy

Reorientation

(Rotation) (No etric Deformation)
32

Correspondance (Transfer)




Robust and Fast

SPE Model AE Model

33

SPE Model
= arg: min ||logy(y) — logx(c:) |3
s.t. loge(r) = f(x;X)

&

AE Model




What can we do with this
model?



Create%and Refine



Operation Interfaces
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Even at Internet Scale!

PICO: 3D People In Contact with Objects from a single image (submitting to CVPR 2025)
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What about motion?



Why is Motion Difficult?



A Silver Lining
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[Fan et. al, 2023]
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The (Unavoidable) Retargeting Problem

46



Virtual Markers




The Contact Atlas
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Step 1.
Estimate Initial Trajectory










mmm= |ndex mmm Middle === Ring = Pinky

53






What about physics?



Limitations of Kinematics

Kinematics Only




Are We Really That Far Off?

Direct Kinematic Rollout
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Thank You! Questions?



